Abstract. Asymptotic expansions have been obtained using two theorems due to Olver for the Jacobi polynomials and an associated function. These expansions are uniformly valid for complex arguments over certain regions, for large values of the order.
The function U("a,ß)iz) is analytic in the complex plane cut along [-1, 1] and is closely related to the Jacobi function of the second kind, Q"a,ß)(z) as defined by Szegö [7] . In terms of the hypergeometric function we have, "(«.«, , = 2"+tt^+1r(zz + a + l)Tjn + 0+1) (1 2) " (Z) T(2zz + a + ß + 2)iz -1)"+1 7\n + l,n+a+ l;2n+a + ß + 2;
The problem of finding such asymptotic estimates for large zz and z, not in the neighborhood of [-1, 1] , has already received some attention in the literature. Erdélyi [2, pp. 77-78] quotes results given by Watson for the hypergeometric function, which will give the first term in the asymptotic expansions of P'na,ß\z) and Una,ß)(z). Szegö [7, Theorem 8.21 .7] also gives the first term for Pna,ß)(z) and, in Eq. (8.71.19) of [7] , gives the form of the first term of the asymptotic expansion of nna,i)(z).
In this paper, we have made use of two of the theorems developed by Olver [5] , [6] to obtain formal asymptotic expansions of both Pna,i>)(z) and Una,ß)(z) for large zz.
In Section 2, we shall obtain these expansions in tenns of elementary functions which are valid in the complex z-plane cut along [-1, 1], with a neighborhood of the interval [-1, 1] being deleted. In Section 3, we shall derive expansions in terms of modified Bessel functions which again are valid in the cut plane, but also in the neighborhood of the point z = 1 ; in fact, the expansions are valid in the complex plane cut along [-1, 1] but with only a neighborhood of the point z = -1 being deleted.
The results of this section are believed to be new. Finally, in Section 4, we shall
give explicit relations between the coefficients which arise in the asymptotic expansions of Sections 2 and 3.
In this paper, we shall obtain only the formal asymptotic expansions. It is proposed to consider in a later paper the error bounds when the asymptotic expansions are truncated.
2. Asymptotic Expansions when z is not in the Neighborhood of [-1, 1] . The starting point of all the subsequent analysis is the observation that the functions P{na'ß\z) and (z -l)-"(z + l)-ßUl"-ß\z), where -x < arg (z -1), arg (z + 1)< x, are linearly independent solutions of the differential equation We first reduce this equation to "normal form" by writing
which gives n v\ --I-JL-j_ g2 ~ * i I -a -ß2 , ß2 -1
The quantity k is defined by
We are interested in the asymptotic expansions of the solutions of this equation for large values of k. Following Olver [5] , we make a simultaneous transformation of both the dependent and independent variables. If we define We can now apply Olver's Theorem A (see [5] ) to this equation. We note that Eq. It now remains to relate the functions wx(Ç) and w2(f) to our original functions Pna,ß\z) and Tl"a,ß)(z). This is a straightforward process done by comparing these four functions, assuming k to be fixed, for large \z\, or large |f |. We find, after some algebraic computation, that the required asymptotic expansions are given by (2.13) and »<-.i)n _r(2zz [6] ). The asymptotic expansions will again be valid in the domain D (see Eq. (2.9)) but only with the neighborhoods of the points ±/x/2 deleted. We note that It is worth noting that A,(!;), BS(Ç) are even and odd functions of f respectively. It now remains to identify the functions Wx(g) and W2Q;) with P"a,ß)(z) and Mna,ß\z). This is done by taking k fixed, and considering the behavior of these functions in the limit as z -> 1 or f -»• 0, f G D. Since we find that (3.10)
2lo+p+1'"r(zz +a+ 1)
x {r1/2/a(2*n £ ^¿p + fl/2/a+1(2fcf) £ ^Bï This is the required asymptotic expansion for ^"'^(z), a ^ 0. Finally, we must compare the functions Tlla,ß)(z) and JF2(f). This is algebraically the most tedious of all the identifications so far considered. Suppose a > 0 and not an integer; we note the following results. First, in the neighborhood of z = 1, we obtain from Eq. On comparing Eqs. (3.11) and (3.12), we find the required asymptotic expansion for n»a,w(z) given by~(
(3.14)
In addition, our comparison gives the curious result zc2"r(zz + l)r(n + ß + 1) , a f, B'M r,lfl zc2ar(zz + nix« + is + i) ,_^v lJ,"J r(zz + a + l)r(zz + a + 0 + 1) ~ /c fr¿ (2z<r+1 Equation (3.14) has been obtained under the assumption that a > 0 and not an integer. The cases, when a = 0 and a is a positive integer, must be treated separately since the functions then have different behavior near z = 1 or f = 0 from that given in Eqs. (3.11) and (3.12). However, it can be shown that the asymptotic expansion given by Eq. (3.14) is in fact valid for all a it 0. The asymptotic expansion given by Eqs. (3.10) and (3.14) are believed to be new. They are uniformly valid for all z in the z-plane cut along the real axis from -°° to +1 with the neighborhood of the point z = -1 being deleted.
It may be noted that we can obtain similar expansions for P"a,i)(z) and II"a,i>(z) which are valid in the neighborhood of the point z = -1 but not in the neighborhood of z = 1. These may be readily obtained from the above analysis by observing that pla-ß)i-z) = i-\TPnß'a\z), and Hn-ß\-z)= (-l)"+1n^ «>(*).
4. Relations Between the Coefficients as, A, and Bs. In this section, we shall consider the purely algebraic relationships which exist between the coefficients a,(j"), as defined by Eqs. (2.12), and the coefficients A,(r), B,(Q, as defined by Eqs. (3.6).
The Eqs. (2.12) are of a rather simpler form than Eqs. (3.6), thus, we shall assume that we know the coefficients a.(f) and shall show how the coefficients A,(If), 5,(f) may be obtained recursively from them. Our starting point is the observation that for f bounded away from f = 0, the asymptotic expansions of n"a,/S>(z), as given by Eqs. (2.14) and (3.14), must be the same. (We could compare the expansions for P"a,i)(z), but the same results would be obtained.)
Now, for f bounded away from zero, we have that |2fcf | is large when k is large. Since |arg f | < x/2, we have (see for example Erdélyi et al. [3, p. 86 we obtain Pn(j"), etc.
